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The conjugate-normal Toeplitz problem is the one of characterizing
the matrices that are conjugate-normal and Toeplitz at the same
time. Based on a result of Gu and Patton and our results related
to the normal Hankel problem, we show that a complex matrix is
conjugate-normal and Toeplitz if and only if it is in one of the seven
classes explicitly described in our paper.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
The normal Toeplitz problem is the one of characterizing thematrices that are normal and Toeplitz
at the same time. This problem was posed and solved by the authors in [6–8]. (Other solutions of this
problem were proposed in [4,3,9,1,5].)
The similarly stated normal Hankel problem has not yet received a satisfactory solution. A review
of the available results on this problem is given in the introduction of our paper [2].
In this paper, we give a complete solution of the conjugate-normal Toeplitz problem, which is the
one of characterizing the matrices that are conjugate-normal and Toeplitz at the same time. Recall
that a complex n × nmatrix A is said to be conjugate-normal if
AA∗ = A∗A. (1)
In particular, symmetric, skew-symmetric, and unitary matrices are conjugate-normal.
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For real A, (1) becomes the definition of normal matrices. Consequently, real solutions to the con-
jugate-normal Toeplitz problem are same as the real solutions to the normal Toeplitz problem. (For
the description of the latter, see, for instance, [7].)
Thus, it is the complex case of the conjugate-normal Toeplitz problem that needs to be solved. The
solution that we propose in Section 3 is based on a result from Gu and Patton’s paper [5] and our own
results pertaining to the normal Hankel problem. A review of these results is given in Section 2.
2. Preliminaries
Given the vectors
a = (0 a1 a2 . . . an−2 an−1) (2)
and
α = (0 α1 α2 . . . αn−2 αn−1) , (3)
the symbol T(a,α) denotes the Toeplitz matrix
T(a,α) =
⎛
⎜⎜⎜⎜⎜⎜⎝
0 α1 α2 . . . αn−2 αn−1
a1 0 α1 . . . αn−3 αn−2
.
.
.
.
.
.
.
.
.
. . .
.
.
.
.
.
.
a(n−2) a(n−3) a(n−4) . . . 0 α1
a(n−1) a(n−2) a(n−3) . . . a1 0
⎞
⎟⎟⎟⎟⎟⎟⎠
, (4)
while the symbol a˜ stands for the vector
a˜ = (0 an−1 an−2 . . . a2 a1) . (5)
We say thatmatrix (4) is λ-symmetric if ai = λαi for i = 1, . . . ,n − 1. A Toeplitzmatrix such as T(a,α)
but having perhaps a nonzero diagonal is a λ-circulant if ai = λαn−i for i = 1, . . . ,n − 1.
Deﬁne the matrices
A = T = a0I + T(a,α), (6)
B = T∗ = a0I + T(α, a), (7)
C = Tt = a0I + T(α¯, a¯), (8)
D = T = a0I + T(a¯, α¯). (9)
Now, the conjugate-normal Toeplitz problem can be stated as the problem of describing Toeplitz
matrices T such that
TT∗ = T∗T (10)
or
TT∗ = TtT
or
AB = CD. (11)
For vectors x and y in Cn, we deﬁne the product x  y as the rank one n × nmatrix with the entries
xiy¯j , i, j = 1, 2, . . . ,n. Then, we derive the following corollary from Theorem 3.1 in [5].
Theorem 1. Matrix TT∗ − T∗T is Toeplitz if and only if
a  a − α˜  α˜ = α¯  α¯ − a˜  a˜. (12)
V.N. Chugunov, Kh.D. Ikramov / Linear Algebra and its Applications 430 (2009) 2467–2473 2469
Now, assume that T is a λ-circulant with |λ| = 1. In other words, let
a˜ = λα¯.
Since the setof allλ-circulantswith |λ| = 1 is a commutativealgebra closedunder theadjointoperation,
we can rewrite (10) as
TT∗ = TT∗
or
Im TT∗ = 0. (13)
Now, we cite a couple of results from Chugunov and Ikramov [2].
Theorem 2. Let T be an n × n (conventional) circulant (i.e., λ = 1), and let
T = F∗DF (14)
be a spectral decomposition of T , where F is the Fourier matrix
F = 1√
n
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 1 1 . . . 1 1
1 ei
2π
n ei
2π
n 2 . . . ei
2π
n (n−2) ei 2πn (n−1)
1 ei
2π
n 2 ei
2π
n 4 . . . ei
2π
n 2(n−2) ei 2πn 2(n−1)
.
.
.
.
.
.
.
.
.
. . .
.
.
.
.
.
.
1 ei
2π
n (n−2) ei 2πn (n−2)2 . . . ei 2πn (n−2)(n−2) ei 2πn (n−2)(n−1)
1 ei
2π
n (n−1) ei 2πn (n−1)2 . . . ei 2πn (n−1)(n−2) ei 2πn (n−1)(n−1)
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
and D = diag(d1, . . . , dn) is a diagonal matrix. Then, T satisﬁes (13) if and only if
|dm| = |dn+2−m|, m = 2, 3, . . . ,
⌊
n + 1
2
⌋
. (15)
Theorem 3. Let T be an n × n skew-circulant (i.e., λ = −1), and let
T = G∗DG (16)
be a spectral decomposition of T , where
G = 1√
n
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
1 ei
π
n ei
π
n 2 . . . ei
π
n (n−2) ei πn (n−1)
1 e−i πn e−i πn 2 . . . e−i πn (n−2) e−i πn (n−1)
1 ei
3π
n ei
3π
n 2 . . . ei
3π
n (n−2) ei 3πn (n−1)
1 e−i 3πn e−i 3πn 2 . . . e−i 3πn (n−2) e−i 3πn (n−1)
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
and D = diag(d1, . . . , dn). Then, T satisﬁes (13) if and only if
|d1| = |d2|, |d3| = |d4|, |d5| = |d6|, . . . (17)
Finally, consider the case where λ /= ±1.
Theorem 4. Let T be an n × n λ-circulant with |λ| = 1,where λ /= ±1. Then, T satisﬁes (13) if and only if
T is a scalar multiple of a unitary matrix.
3. Description of conjugate-normal Toeplitz matrices
Rewrite (12) as
a  a + a˜  a˜ = α¯  α¯ + α˜  α˜. (18)
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There are two possible cases:
Case 1: a and α¯ are linearly dependent vectors.
Case 2: a and α¯ are linearly independent vectors.
We give separate analyses to these two cases and begin from Case 2, which, surprisingly, turns out
to be simpler than Case 1.
3.1. Linearly independent a and α¯
Since a and α¯ are linearly independent, equality (18) says that a can be expressed as a linear com-
bination
a = rα¯ + λα˜, (19)
where λ /= 0.Moreover, α¯ and α˜ are also linearly independent since, otherwise, wewould have α˜ = qα¯
for some scalar q and a = (r + qλ)α¯, which contradicts the assumption of this case.
From (19), we derive the relations
a  a = (rα¯ + λα˜)  (rα¯ + λα˜)
= |r|2α¯  α¯ + |λ|2α˜  α˜ + rλα¯  α˜ + rλα˜  α¯, (20)
a˜ = r¯α˜ + λ¯α¯ (21)
and
a˜  a˜ = (r¯α˜ + λ¯α¯)  (r¯α˜ + λ¯α¯)
= |r|2α˜  α˜ + |λ|2α¯  α¯ + r¯λα˜  α¯ + rλ¯α¯  α˜. (22)
Substituting (20) and (22) into (18), we obtain
(|λ|2 + |r|2 − 1)α¯  α¯ + (|λ|2 + |r|2 − 1)α˜  α˜ + 2rλα¯  α˜ + 2rλα˜  α¯ = 0,
which can be rewritten as[
(|λ|2 + |r|2 − 1)α¯ + 2r¯λα˜
]
 α¯ + [(|λ|2 + |r|2 − 1)α˜ + 2rλ¯α¯]  α˜ = 0.
Since α¯ and α˜ are linearly independent, we have⎧⎨
⎩
|λ|2 + |r|2 − 1 = 0,
r¯λ = 0,
λ /= 0.
Solutions to this system are given by{
r = 0,
|λ| = 1.
Thus, (19) reduces to
a = λα˜,
which means that the solutions to the conjugate-normal Toeplitz problem in Case 2 are λ-circulants.
Taking into account Theorems 2–4, we obtain the ﬁrst three classes of conjugate-normal Toeplitz
matrices. These are
Class 1. Conventional circulants (14) with diagonal matrices D satisfying conditions (15).
Class 2. Skew-circulants (16) with diagonal matrices D satisfying conditions (17).
Class 3. Unitary λ-circulants with |λ| = 1, where λ /= ±1, and their scalar multiples.
3.2. Linearly dependent a and α¯
In this case, we have α¯ = λa for some scalar λ. Then,
α¯  α¯ = |λ|2a  a (23)
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and
α˜  α˜ = |λ|2a˜  a˜. (24)
Substituting (23) and (24) into (18), we obtain
(1 − |λ|2)(a  a + a˜  a˜) = 0. (25)
Here, we distinguish four subcases:
(a) λ = 1.
This gives us the fourth class of conjugate-normal Toeplitz matrices:
Class 4. Symmetric Toeplitz matrices.
(b) λ = −1.
This gives us the ﬁfth class of conjugate-normal Toeplitz matrices:
Class 5. Skew-symmetric Toeplitz matrices.
(c) |λ| /= 1.
In this case, relation (25) converts into
a  a + a˜  a˜ = 0,
which in the element-wise notation yields
aia¯j + an−ia¯n−j = 0, i = 1, . . . ,n − 1, j = 1, . . . ,n − 1.
For i = j, we have
|ai|2 + |an−i|2 = 0, i = 1, . . . ,n − 1.
Thus,
ai = 0, i = 1, . . . ,n − 1.
These are diagonal Toeplitz matrices, which are a subset of Class 4.
(d) |λ| = 1, λ /= ±1.
This is the most difﬁcult case. Let T be a Toeplitz matrix satisfying the conditions of case (d). Its
diagonal entry t0 is either zero or can be made
λ−λ¯
λ¯−1 by multiplying T by an appropriate scalar. (Note
that unlike normal matrices, the set of conjugate-normal matrices is not invariant with respect to
translations by scalar matrices.)
Write T as
T = t0I + L + λLt , (26)
where L is strictly lower triangular. Substituting (26) into (10), we obtain
(t0I + L + λLt)(t¯0I + Lt + λ¯L) = (t0I + Lt + λL)(t¯0I + L + λ¯L¯t)
or
|t0|2I + t0Lt + t0λL + t¯0L + LLt + λ¯LL + t¯0λLt + λLtLt + |λ|2LtL
= |t0|2I + t0L + t0λLt + t¯0Lt + LtL + λ¯LtLt + t¯0λL + λLL + |λ|2LLt . (27)
Since |λ|2 = 1, relation (27) can be somewhat simpliﬁed and rewritten as
t0(1 − λ¯)Lt − t0(1 − λ¯)L + t0(L − Lt) − t0λ(L − Lt) + (λ¯ − λ)(LL − LtLt) = 0
or
{t0(λ¯ − 1)L − t0(λ − 1)L + (λ¯ − λ)LL} − {t0(λ¯ − 1)L − t0(λ − 1)L + (λ¯ − λ)LL}t = 0.
The matrix in the braces is lower triangular; hence,
t0(λ¯ − 1)L − t0(λ − 1)L + (λ¯ − λ)LL = 0. (28)
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We ﬁrst consider the case where t0 = 0. Then, (28) reduces to
LL = 0.
Its solutions are strictly lower triangular Toeplitz matrices having zero entries in positions (i, 1) for
i = 1, 2, . . . , [n/2] + 1. This gives us the sixth class of conjugate-normal Toeplitz matrices:
Class6.Toeplitzλ-symmetricn × nmatriceshavingzeroentries inpositions (i, 1) for i = 1, 2, . . . , [n/2] +
1.
Now, assume that t0 = λ−λ¯λ¯−1 . Then, t0(λ¯ − 1) = λ − λ¯. Substituting this relation into (28), we have
(λ − λ¯)L − (λ¯ − λ)L + (λ¯ − λ)LL = 0
or (since λ − λ¯ /= 0)
L + L = LL. (29)
Write L as L = L1 + iL2, where L1 and L2 are real matrices. Using this representation, (29) can be
rewritten as
2L1 = L1L1 + L2L2. (30)
We ﬁrst show that for every real strictly lower triangular Toeplitz matrix L2, Eq. (30) has a real
strictly lower triangular Toeplitz solution L1. Rewrite (30) as
(L1 − I)2 = I − L22. (31)
Eq. (31) implies that the matrix L1 − I can be found as a square root of the (nonsingular) matrix I − L22.
To make L1 the desired lower triangular Toeplitz matrix, we choose this square root as a polynomial
f (I − L2
2
) such that f (1) = −1.
Now, we show that the required matrix L1 is uniquely deﬁned by Eq. (30). Assume the contrary,
that is, for a given matrix L2, there exist two solutions L˜1 and L̂1. Thus,
2˜L1 = L˜1L˜1 + L2L2, (32)
and
2̂L1 = L̂1L̂1 + L2L2. (33)
Subtracting (33) from (32), we obtain
2(˜L1 − L̂1) = L˜21 − L̂21. (34)
Lower triangular Toeplitz matrices L˜1 and L̂1 commute and, hence, we have
L˜21 − L̂21 = (˜L1 − L̂1)(˜L1 + L̂1).
Using this relation in (34), we ﬁnd that
(˜L1 − L̂1)(2I − L˜1 − L̂1) = 0.
Since 2I − L˜1 − L̂1 is a nonsingular matrix, we ultimately obtain
L˜1 = L̂1.
We conclude that any choice of L2 produces a unique matrix L1 satisfying Eq. (30). Thus, the ﬁnal class
of conjugate-normal Toeplitz matrices is the following one:
Class 7. Scalar multiples of λ-symmetric Toeplitz matrices, where |λ| = 1 and λ /= ±1, that can be
represented as
T = λ − λ¯
λ¯ − 1 I + L + λL
t ,
L being a strictly lower triangular Toeplitz matrix of the form L = L1 + iL2, where the real strictly lower
triangular Toeplitz matrix L2 is chosen arbitrarily and the real strictly lower triangular Toeplitz matrix
L1 is uniquely determined by the chosen L2 and Eq. (30).
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